The transition to turbulence in plane Poiseuille flow (PPF) is connected with the presence of exact coherent structures. In contrast to other shear flows, PPF has a number of different coherent states that are relevant for the transition. We here discuss the different states, compare the critical Reynolds numbers and optimal wavelengths for their appearance, and explore the differences between flows operating at constant mass flux or at constant pressure drop. The Reynolds numbers quoted here are based on the mean flow velocity and refer to constant mass flux, the ones for constant pressure drop are always higher. The Tollmien-Schlichting waves bifurcate subcritically from the laminar profile at Re = 5772 and reach down to Re = 2609 (at a different optimal wave length). Their localized counter part bifurcates at the even lower value Re = 2334. Three dimensional exact solutions appear at much lower Reynolds numbers. We describe one exact solutions that is spanwise localized and has a critical Reynolds number of 316. Comparison to plane Couette flow suggests that this is likely the lowest Reynolds number for exact coherent structures in PPF. Streamwise localized versions of this state require higher Reynolds numbers, with the lowest bifurcation occurring near Re = 1018.
Introduction
Within the last decade many fully 3d exact coherent states of the Navier-Stokes equations have been identified. They are important for understanding the transition to turbulence in various shear flows, for determining the thresholds for the transition, and for characterizing the subsequent evolution towards fully developed turbulence [1, 2] . Coherent structures provide a scaffold for the turbulent time evolution because they are embedded in the turbulent dynamics [3] and form a network of heteroclinic connections [4] . Tracking exact coherent states also provided insights into the formation of the chaotic saddles and transient turbulence in plane Couette, pipe, and plane Poiseuille flow (PPF) [5] [6] [7] . Special coherent structures, so called edge states [8] , are important for the transition to turbulence since their stable manifold separates the state space in a part with turbulence and another one where initial conditions relaminarize directly.
Among the various shear flows that have been studied, PPF is special because it also has a linear instability of the laminar profile which triggers TollmienSchlichting (TS) waves [9] . The extend to which they contribute to the observed transition then depends on the order of appearance of the different states. As we will see, some states are harbingers that appear well below the experimentally observed transition, and others are latecommers, appearing well above the transition. Harbingers prepare the experimentally observed transition to turbulent dynamics, and latecomers add additional states and degrees of freedom at higher Reynolds numbers.
While critical Reynolds numbers for linear instabilities of the laminar profile are well defined and unique, this is not the case for the subcritical transitions to be discussed here. For the subcritical case, it does make a difference whether the system is run under conditions of constant mass flux or prescribed pressure or perhaps constant energy input [10] . All exact coherent states have a fixed relation between pressure drop and mean flow rate, but the quest for the bifurcation point focusses on different projections and hence gives different critical Reynolds numbers depending on whether the flow rate or the pressure drop or some other quantity are kept constant.
The setting of operating conditions also affects the choice of Reynolds numbers. To be specific, we define
for the case of constant mean bulk velocity U B . The other parameters are d, half the channel width and ν, the kinematic viscosity. If the pressure gradient is fixed, we define the pressure based Reynolds number,
where U cl,P = d 2 (dP/dx)/2ν is the laminar centerline velocity for this value of the pressure gradient. The numerical factors in (1) are chosen such that the two Reynolds numbers agree for the case of a laminar profile, Re B = Re P . For 3d coherent states they are usually different. Therefore, even if the laminar state coincides, the state space of the system at different operating conditions may be different, because in one case some exact coherent structure might already exist that are not yet present in the other case. For direct numerical simulation we used Channelflow -code (www.channelflow.org) [11] . Exact coherent structures were identified and continued in Reynolds number using the Newton hookstep [see e.g. 12] continuation methods [see e.g. 13] included in the Channelflow -package.
Spatially extended and localized Tollmien-Schlichting waves
The laminar state of PPF has a subcritical instability. The exact values for the critical Reynolds number and wavelength have remained unclear [14] [15] [16] until the issue was finally settled by Orszag [17] , who calculated a critical Reynolds number of 5772.22 for a critical wavelength of 1.96π using spectral methods. Chen & Joseph [18] then demonstrated the existence of two-dimensional travelling wave solutions, so-called finite amplitude TS-waves, bifurcating subcritically from the laminar flow. These two-dimensional exact coherent structures were later studied by Zahn et al. [19] , Jimenez [20] and Soibelman & Meiron [21] . Estimates for the lowest Reynolds number of the turning points were first given by Grohne [22] and Zahn et al. [19] . Using a truncation after one or two modes they found that the traveling waves appear slightly above Re = 2700. Their result were qualitatively confirmed in later studies using a higher number of modes [23] .
In our numerical simulations we use the channelflow -code with resolution N x × N y × N z = 80 × 97 × 4. The streamwise and spanwise resolution is chosen sufficiently fine to ensure that a further increase does not change the obtained Reynolds numbers. The code is set up to solve the fully 3d problem, however, it can be reduced to an effectively 2d code with the choice of N z = 4, since all the modes with k z = 0 enter with zero amplitude. We therefore can stay within the same algorithmic framework and code and can exploit all the modules of channelflow.
We identify the traveling waves that bifurcate from the laminar flow (referred to as T W T S in the following) using a Newton-method and continue them in Reynolds number with the continuation methods within channelflow. Figure 1a) shows the bifurcation diagram versus streamwise wavelength. The stability curve for the laminar profile is the same for the constant pressure gradient and constant mass flux case, and has a minimum at Re = 5772 and a wavelength of 6.16. The bifurcation is subcritical and reaches to lower Reynolds numbers, but these points then depend on the operating conditions: the minimal values are Re B = 2609 and Re P = 2941. The critical wavelengths are 4.65 and 4.81, respectively, and thus smaller than the one for the linear instability of the laminar profile.
The flow field of T W T S at the the minimal Reynolds number Re B = 2609 is visualized in figure 1b) .
In a study on two-dimensional PPF, Jimenez [20] discovered streamwise modulated packages of TS-waves. They have a turning point significantly lower than the spatially extended traveling wave T W T S [24] . In even longer domains, they turn into fully localized states that are relative periodic orbits, generated out of subharmonic instabilities of the spatially extended TS waves [25, 26] . Figure 2a) shows a bifurcation diagram for the modulated TS-waves and the spatially extended traveling wave from which they bifurcate. The ordinate of the diagram is the amplitude of the flow field, where L x and L z are the streamwise and spanwise wavelengths of the computational domain. The spatially extended TS-wave shown in the figure has a wavelength λ 0 = 2π and the localized and modulated TS-waves are created in Hopf-bifurcations that correspond to streamwise wavelengths L x between 4 to 16 times λ 0 . Just above their bifurcations all solutions are modulated TS-waves but if the wavelength of the modulation is sufficiently long they become increasingly more localized with decreasing Re B . E.g. for the short modulation wavelength Λ = 6λ 0 , the solution is modulated but extends across the domain, whereas for L x = 16λ 0 it becomes well localized at low Reynolds numbers. The lowest Reynolds numbers for the turning point are Re B = 2335 and Re P = 2372 and are achieved for the localized TS-wave with modulation wavelength 16λ 0 . Further increasing the modulation wavelength does not change the localized state and does not result in significant changes of the Reynolds number for the turning point.
The spatially extended states as well as their localized counter-parts are extremely unstable to three-dimensional disturbances. However, the lower branches are stable against super-harmonic two-dimensional disturbances. The superharmonic bifurcations of the spatially extended TS-waves were investigated in detail by Casas and Jorba [27] , who found that the upper branch of T W T S undergoes Hopf bifurcations creating periodic state for the case of constant pressure gradient as well as for constant mass flux.
The lower branch of the streamwise localized TS-wave has only one unstable eigenvalue in the two-dimensional subspace and thus it is the edge state of the system [5, 8] . The upper branches undergo further bifurcations, leading to a chaotic temporal evolution. For the localized TS-wave, the upper branch undergoes a Hopf bifurcation and adds another frequency at Re B = 4470. Further bifurcations of this quasi-periodic state add additional frequencies leading to a chaotic state. In figure  3a ) a bifurcation diagram that includes the localized TS-wave and the bifurcating states is given. The Hopf bifurcation of the upper branch is marked in the figure by a red square.
For Re B > 4493 the chaotic state becomes unstable and spontaneous transitions to a spatially extended chaotic state are possible. An example of a trajectory which spends several thousand time units in the vicinity of the localized chaotic state before it switches to the spatially extended state is shown in figure 3b ). 
Three-dimensional travelling waves
The first three-dimensional solutions for PPF were described by Ehrenstein & Koch [28] . They found three-dimensional traveling waves below the saddle-node point of the two-dimensional TS-waves and studied their dependence on the streamwise and spanwise wavelength. However, their calculation were strongly truncated and attempts to reproduce their results with better resolution failed [29] . Subsequent studies identified many other three-dimensional exact solutions for PPF [29] [30] [31] [32] [33] [34] . Waleffe [35] and Nagata & Deguchi [29] studied the dependence of particular solutions on the streamwise and spanwise wavelengths. They give as estimates for the lowest critical Reynolds numbers for the appearance of a traveling wave the values Re B = 615 for L z = 1.55π and L x = 1.14π in the case of constant mass flux, and Re P = 805.5 for L x = 1.504π, L z = 1.156π in the case of constant pressure drop. In this section, we investigate a special three-dimensional coherent structure, obtained by tracking the edge state [8, 36] in appropriately chosen computational domains. We use a numerical resolution of N x × N y × N z = 32 × 65 × 64 for small domains and increase it to N x × N y × N z = 80 × 65 × 112 for a domain with L x = L z = 4π. For sufficiently large domains the edge state of PPF is a traveling wave [33] that is symmetric with respect to the center-plane,
and obeys a shift-and reflect symmetry in addition,
To obtain the optimal wavelengths for this travelling wave, referred to as T W E in the following, we studied the dependence of the critical Reynolds number on the streamwise and spanwise wavelength. In a straightforward scan of the wavelength domain with a stepping width of 0.1π and 0.05π in the spanwise and streamwise direction, respectively, we obtained the results shown in figure 4 . The optimal Reynolds number is marked by a star. As indicated by the white lines in figure 4 , the lowest Reynolds numbers for the turning points are achieved if spanwise and streamwise wavelengths are of comparable size for small wavelengths where the states are not localized in spanwise direction. In wide domains, for sufficiently large L z , the solution becomes localized in the spanwise direction, and the turning point depends on L x only. The lowest bulk Reynolds number for the turning point is 315.8 and achieved of L x = 2.9π and a width L z = 3.05π. A visualization of the flow structures for these critical parameter values is given in figure 5 . The lowest values of the pressure Reynolds number is Re P = 339.1, which is also achieved for L x = 2.9π and L z = 3.05π. Both minimal Reynolds numbers are much lower than those reported in previous studies [29, 35] .
The optimal state T W E may be compared to the coherent states in plane Couette flow. There, the lowest critical Reynolds number for the appearance of exact coherent structures is 127.705 [35, 37] , based on half the channel height, and half the velocity difference between the plates. PPF is like two plane Couette flows staggered on top of each other, though with different boundary conditions (free slip instead of rigid) at the interface. For the Reynolds numbers one then has to take into account that the mean velocity in PPF corresponds to the full velocity difference between the plates in plane Couette flow, and half the channel width corresponds to the full gap. Therefore, when comparing Reynolds numbers, the ones from the usual definition of plane Couette flow have to be multiplied by four. Using this redefinition of the Reynolds number, the minimal Reynolds number of Re = 127.705 for plane Couette flow corresponds to Re B = 510 for PPF. The proper steps for this comparison were done taken by Waleffe [35] , who implemented a homotopy between the two flows, including the boundary conditions. He finds an optimal Reynolds number Re B ≈ 642. Moreover, the optimal wavelength for his state are L x = 1.86π and L z = 0.74, much shorter and narrower than for the state described here (see figure 4) . Therefore, for the time being, the travelling wave T W E described here is the lowest lying critical state for plane Poiseuille flow.
For the combination of wavelengths giving the lowest values of Re B for the turning point, the bifurcation diagram of T W E is shown in figure 6 . In a subspace with the symmetries s y and s z τ x (λ x /2) the the upper branch of T W E is stable for Re B < 328.6. At this Reynolds number the traveling wave undergoes a Hopf bifurcation, creating a periodic orbit which is stable in the symmetric subspace. In further bifurcation a chaotic attractor is created which remains stable in the subspace. The attractor is visualized in figure 6 by plotting minima and maxima of a( u) for a trajectory on the attractor.
Streamwise localized three-dimensional periodic orbits
In spatially extended computational domains the edge state T W E undergoes longwavelength instabilities creating modulated and localized exact solutions [38] . In particular, a subcritical long-wavelength instability of T W E at high Reynolds numbers creates a streamwise localized periodic orbit, henceforth referred to as P O E , which is an edge state in long computational domains [33] and appears at low Reynolds numbers in a saddle-node bifurcation. The dependence of the Reynolds number of this saddle-node bifurcation on the spanwise wavelength is shown in figure 7a) .The lowest Reynolds number for the turning point is achieved for a spanwise wavelength of 1.75π. For this value of L z the bifurcation point lies at Re B = 1018.5 and Re P = 1023.18, respectively. For large values of L z also the orbit P O E becomes localized in spanwise direction [33] , but for this spanwise wavelengths the bifurcation point lies at a much higher Reynolds number. A visualization of P O E for the minimal bulk Reynolds number is shown in figure 7b ).
While the localized TS waves, which also arise out of a subharmonic instability of a spatially extended state, exist at lower Reynolds numbers than the corresponding spatially extended solutions, the localized orbit P O E appears at much higher Reynolds number than its corresponding spatially extended solution T W E . S. Zammert and B. Eckhardt 
Summary and conclusion
The different states and their critical Reynolds numbers and wavelengths are summarized in table 1. It is interesting to see that for the TS-waves, the localized structures appear before the extended ones, whereas for the 3d states the localized ones have a higher critical Reynolds number. Moreover, all TS waves appear well above the experimentally observed onset of turbulence, near Re B ≈ 1000 [9] .
The traveling wave T W E appears at very low Reynolds number, well below the experimentally observed onset of turbulence. The bifurcation diagram in figure 6 shows the usual increase in complexity and the presence of a crisis bifurcation, in which the attractor turns into a repellor and the dynamics becomes transient. In addition to the states discussed here, there are a variety of bifurcations in which spanwise localized and doubly-localized solution branch off from T W E . All of these states, as well as exact coherent structures with different flow fields contribute to the temporal evolution, and the network that forms with increasing Reynolds numbers and that can then carry the turbulent dynamics. Very little is known about the lowest possible Reynolds number for the appearance of coherent structures, and there are hardly any methods for determining them reliably [39] [40] [41] However, the state T W E has the potential to be the lowest possible state in PPF flow by analogy to the lowest lying state in plane Couette flow. Identifcation of lower lying exact coherent structures in either flow should therefore also have implications for the other flow.
Among the exact coherent structures, T W E is a harbinger for the occurrence of turbulence, whereas the two dimensional TS-wave are latecomers. They do not contribute to the formation of subcritical transition at low Reynolds, but are related to a secondary path to turbulence in PPF that can be realized if special precautions are taken to prevent the faster transition via 3d structures.
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